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Abstract
We define the notion of Witt structure on the tangent bundle of a pseudo-Riemannian
manifold and we introduce a connection adapted to a such structure. The notions of geodesics
and symmetric spaces are revisited in this setting and applications are given in the special cases
of Robinson and Fefferman manifolds.
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1 Introduction
Metric connections with torsion play an important part in Hermitian, pseudo-Hermitian and contact
Riemannian geometry. Actually, outside the Kahler case, all the Hermitian connections defined on
the tangent bundle of an almost Hermitian manifold have torsion. The Lichnerowicz, Chern and
Bismut connections are the most famous examples of such connections (cf. [12]). Examples of
metric connections with torsion exist in pseudo-Hermitian geometry (Tanaka-Webster connection
[21],[27],[30]) and in contact Riemannian geometry (Tanno connection [28]). Recently, in the setting
of sub-Riemannian geometry, Diniz-Veloso [9] and Hladky [16] have introduced for some Riemannian
manifolds (obtained as Riemannian extensions of the sub-Riemannian manifolds) endowed with an
orthogonal decomposition of the tangent bundle, a metric connection with torsion preserving the
decomposition. A substitute to an orthogonal decomposition in the pseudo-Euclidean setting is the
well known Witt decomposition. The tangent bundle of some pseudo-Riemannian manifolds like
the Robinson manifolds [22],[26] or the Fefferman spaces [7],[11],[18] can be endowed with a type
Witt decomposition (called Witt structure in the following). Also, it is possible to define (just as
Diniz-Veloso and Hladky) a metric connection with torsion preserving a such decomposition. The
main purpose of this article is to construct a such connection and to study its properties. The plan
of this article is as follow. In section 2, we give a definition of a Witt structure on the tangent
bundle of a pseudo-Riemannian manifold and we exhibit various examples. Section 3 is devoted to
construct a metric connection adapted to a Witt structure on a pseudo-Riemannian manifold called
the canonical Witt connection (Proposition 3.1). In Section 4, we investigate the notion of geodesic
in this new context. In particular, for the Lorentzian manifolds endowed with a Witt structure and a
compatible sub-Riemannian structure, we consider the normal sub-Riemannian geodesics (as defined
in [25]). The equations of normal sub-Riemannian geodesics are given in terms of the canonical
Witt connection (Proposition 4.2 and Corollary 4.1). Note that these equations are similar to those
obtained in the sub-Riemannian and pseudo-Hermitian setting ([13],[14],[15] and [24]). In Section
5, we introduce a notion of locally Witt symmetric space inspired by the notions of sub-symmetric
space (Bieliavski-Falbel-Gorodski [6],[10]) and symmetric Cauchy-Riemann manifold (Kaup-Zaitsev
[17]). Similar to sub-symmetric case, we show that the notion of Witt symmetric space is related
to parallelism properties for torsion and curvature of the canonical Witt connection (Proposition
5.1). Section 6 is dedicated to Robinson manifolds and Fefferman spaces which are Lorentzian
conterparts of Hermitian manifolds. By means of the canonical Witt connection associated to the
standard complex Witt structure on the complexify tangent bundle of a Robinson manifold, we
introduce a connection called Lichnerowicz connection on the real tangent bundle of a Robinson
manifold which is the natural conterpart of the Lichnerowicz connection on an almost-Hermitian
manifold (Proposition 6.1). The equations of normal sub-Riemannian geodesics (Proposition 6.2)
and the parallelism conditions associated to Witt symmetric spaces (Corollary 6.1) are revisited in
the special case of Fefferman spaces. Note that we can define various notions of curvature associated
to a Witt connection (as the Ricci curvature or the scalar curvature) with the hope to have interesting
applications in geometry of pseudo-Riemannian manifolds or in general relativity. This work is still
in progress.
2
2 Witt pseudo-Riemannian manifolds
In the following, (M, g) is a pseudo-Riemannian manifold (i.e. a m-dimensional manifoldM endowed
with a non-degenerate symmetric (0, 2)-tensor field g on TM).
Let k, l ∈ N∗, ql ∈ Z \ N, pk, p∗k ∈ N. For r, s ∈ N∗, we set Zr := {q1, . . . , qr}, Zs = {p1, p∗1, . . . , ps, p∗s}
and Zsr := Zr ∪ Zs.
Definition 2.1 Let (M, g) be a pseudo-Riemannian manifold.
A Witt structure on TM is the data of subbundles (Vi)i∈Zsr of TM (of rank mi) satisfying
i) TM = (Vps ⊕ Vp∗s)
⊥⊕ . . . ⊥⊕ (Vp1 ⊕ Vp∗1)
⊥⊕ Vq1
⊥⊕ . . . ⊥⊕ Vqr ,
ii) for any k ∈ {1, . . . , s}, mpk = mp∗k and the subbundles Vpk , Vp∗k are totally isotropic for g together
with g/Vpk×Vp∗k
non-degenerate,
iii) for any l ∈ {1, . . . , r}, the subbundles Vql are anisotropic for g.
A Witt pseudo-Riemannian manifold (M, g, (Vi)i∈Zsr) is a pseudo-Riemannian manifold (M, g) admit-
ting a Witt structure (Vi)i∈Zsr on TM .
Remark 2.1 If, for any k ∈ {1, . . . , s}, Vpk ⊕ Vp∗k is a hyperbolic plan (i.e. mpk = mp∗k = 1) and
r = 1, then, the Witt structure gives, at each point x ∈M , a Witt decomposition of (TxM, gx).
Definition 2.2 A complex Witt structure on a pseudo-Riemannian manifold (M, g) is a Witt struc-
ture on the complexification TCM of TM with respect to the complexified metric gC.
Now, we give examples of Witt structures on pseudo-Riemannian manifolds.
Example 2.1 (cf. [4], [8], [19], [20]) Let λ := (λ1, . . . , λm) ∈ Rm with 1 ≤ λ1 ≤ λ2 . . . ≤ λm.
We respectively denote by C− and C+ the sets of complex numbers and para-complex numbers (i.e.
C± = {x+ i±y, x, y ∈ R} with i2± = ±1). We recall that the Heisenberg group Hm is the set Cm− ×R
(or Cm+ × R) with the group law
(z1, z2, . . . , zm, s).(z
′
1, z
′
2, . . . , z
′
m, s
′) = (z1 + z
′
1, . . . , zm + z
′
m, s+ s
′ − 1
2
∑
j
Im(zj z¯′j)).
In the following we denote by Hm− and Hm+ depending the choice of C± to define Hm.
Let ρλ± : R→ Aut(Hm± ) given by
ρλ±(t)(z1, z2, . . . , zm, s) = (e
i±λ1tz1, . . . , e
i±λmtzm, s).
The oscillator group denoted oscλ is the group oscλ := Hm− ⋊ρλ
−
R.
Its Lie algebra oscλ = span{e1, . . . , em, em+1, . . . , e2m, ε0, ε1} is given by the relations
[ε0, ε1] = [ε0, ei] = [ε0, em+i] = 0,
[ε1, ei] = λiem+i, [ε1, em+i] = −λiei, (i, j ∈ {1, . . . , m})
[ei, ej] = [em+i, em+j ] = 0, [ei, em+j ] = δijε0.
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We have a Lorentzian bilinear form 〈 , 〉λ ad-invariant on oscλ given by
〈x, y〉λ =
m∑
i=1
λi
2
(xiyi + xm+iym+i) + x0y1 + y0x1.
With respect to 〈 , 〉λ, we have the decomposition
oscλ = (vp1 ⊕ vp∗1)
⊥⊕ vq1
⊥⊕ vq2,
with vp1 = span{ε1}, vp∗1 = span{ε0} and vq1 = span{e1, . . . , em}, vq2 = span{em+1, . . . , e2m}.
Translating on the left 〈 , 〉λ and (e1, . . . , em, em+1, . . . , e2m, ε0, ε1), we obtain a bi-invariant Lorentzian
metric gλ and left-invariant vector fields (E1, . . . , Em, Em+1, . . . , E2m, E0, E1) on oscλ. By setting
Vp1 = span{E1}, Vp∗1 = span{E0}, Vq1 = span{E1, . . . , Em}, Vq2 = span{Em+1, . . . , E2m}, we obtain
a Witt structure for the Lorentzian manifold (oscλ, gλ) given by
Toscλ = (Vp1 ⊕ Vp∗1)
⊥⊕ Vq1
⊥⊕ Vq2.
The hyperbolic oscillator group oshλ is the group oshλ := Hm+ ⋊ρλ+ R.
Its Lie algebra oshλ = span{e1, . . . , em, em+1, . . . , e2m, ε0, ε1} is given by the relations
[ε0, ε1] = [ε0, ei] = [ε0, em+i] = 0,
[ε1, ei] = λiei, [ε1, em+i] = −λiem+i, (i, j ∈ {1, . . . , m})
[ei, ej] = [em+i, em+j ] = 0, [ei, em+j ] = δijε0.
A bilinear form of signature (m+ 1, m+ 1), 〈 , 〉λ ad-invariant on oshλ is given by
〈x, y〉λ =
m∑
i=1
λi
2
(xiym+i + xm+iyi) + x0y1 + y0x1.
With respect to 〈 , 〉λ, we have the decomposition
oshλ = (vp2 ⊕ vp∗2)
⊥⊕ (vp1 ⊕ vp∗1),
with vp1 = span{ε1}, vp∗1 = span{ε0} and vp2 = span{e1, . . . , em}, vp∗2 = span{em+1, . . . , e2m}.
Translating on the left, we obtain a bi-invariant pseudo-riemannnian metric gλ on oshλ and a Witt
structure such that
Toshλ = (Vp2 ⊕ Vp∗2)
⊥⊕ (Vp1 ⊕ Vp∗1).
Example 2.2 Almost nul structure (cf. [22],[23],[26])
An almost nul structure on a (2m + 2 + ǫ)-dimensional pseudo-Riemannian manifold (M, g) (with
ǫ ∈ {0, 1}) is a rank-(m+ 1) complex subbundle N of TCM which is totally isotropic with respect to
the complexified metric gC (i.e N ⊂ N⊥).
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In the following, we assume that N ∩N (with N be the complex conjugate of N ) is a complex sub-
bundle of TCM and we denote by κ the integer κ := dimC(Nx ∩Nx).
If g is a riemannian metric then an almost nul structure on (M, g) with κ = 0 is called an almost Her-
mitian CR structure. An almost Hermitian CR structure provides complex and real Witt structures
as follow
TCM = (N ⊕N ) ⊥⊕ ǫ(N ⊕N )⊥ = (Vp1 ⊕ Vp∗1)
⊥⊕ Vq2
TM = Q ⊥⊕ ǫQ⊥ = Vq1
⊥⊕ Vq2,
where Q is the real subbundle of TM given by QC = N +N (with V C the complexification of V ).
If g is a Lorentzian metric then an almost nul structure on (M, g) with κ = 1 is called an almost
Robinson structure. In this case, there exists a nul line subbundle R of TM such that RC = N ∩N
and we have the following filtration of TM and TCM
{0} ⊂ R ⊂ Q ⊂ R⊥ ⊂ TM,
{0} ⊂ RC ⊂ QC ⊂ RC⊥ = N⊥ +N⊥ ⊂ TCM.
It follows real and complex Witt structures (associated to the gradings of TM and TCM)
TM = (R⊕ TM/R⊥) ⊥⊕ (Q/R) ⊥⊕ ǫ(R⊥/Q) = (Vp1 ⊕ Vp∗1)
⊥⊕ Vq2
⊥⊕ Vq3,
TCM = (RC ⊕ (TM/R⊥)C) ⊥⊕ (N /RC ⊕N /RC) ⊥⊕ ǫ((R⊥/Q)C) = (Vp1 ⊕ Vp∗1)
⊥⊕ (Vp2 ⊕ Vp∗2)
⊥⊕ Vq3
Example 2.3 Fefferman manifolds (cf. [3],[7],[11],[18])
A polycontact form (cf. [29]) on a smooth manifold M is a Rk-valued 1-form θ on M such that, for
every µ ∈ (Rk)∗/{0}, the scalar 2-form µ ◦ dθ is nondegenerate on HM =: Ker θ. The subbundle HM
of TM is called a polycontact structure. In this case, there exists a unique family (ξ1, . . . , ξk) of vector
fields (called Reeb fields) satisfying θi(ξj) = δij and (i(ξi)dθi)|HM = 0 and we have the decomposition
TM = VM ⊕HM with VM = span(ξ1, . . . , ξk).
Let G be a Lie group with Lie algebra g and θ ∈ Ω1(M ; g) be a g-valued polycontact form on a
manifold M . Let P be a principal G-bundle over M together with π : P → M the canonical pro-
jection and σ ∈ Ω1(P ; g) be a connection form on P . We have the decomposition into horizontal
and vertical bundles TP = VP ⊕ HP = VP ⊕ π∗VM ⊕ π∗HM . Now assume that (M,HM , gHM ) is a
sub-Riemannian structure and (g, 〈., .〉g) is a metric Lie algebra (Euclidean), then we endow P with
the pseudo-Riemannian metric
gF = π∗gθHM + π
∗θ ⊙ σ,
where gθHM is the extension of gHM to TM such that VM = Ker gθHM and where ⊙ denotes the sym-
metric product (i.e. (σ1 ⊙ σ2)(X, Y ) = 〈σ1(X), σ2(Y )〉g + 〈σ1(Y ), σ2(X)〉g).
We call (P, gF ) a Fefferman manifold. Fefferman spaces (defined as S1-principal bundles over strictly
pseudoconvex CR manifolds) or contact quaternionic Fefferman spaces (defined as S3-principal bun-
dles over contact quaternionic manifolds [2]) are examples of Fefferman manifolds. Note that by
taking Vp1 = VP , Vp∗1 = π∗VM and Vq1 = π∗HM then (M, g, (Vi)i∈Z11) is a Witt pseudo-Riemannian
manifold.
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Example 2.4 Lightlike submanifold (cf. [5]).
Let N be a n-dimensional submanifold of a pseudo-Riemannian manifold (Mm, g). We assume that,
at each point x ∈ N , rad(TxN)) = TxN ∩TxN⊥ 6= {0} and that dim(rad(TxN)) is constant on N (N
is called lightlike (or degenerate) submanifold of (M, g)). Then, the radical bundle rad(TN) is the
totally isotropic subbundle of TM whose fibre at x ∈ N is rad(TxN). Note that κ = rank(rad(TN)),
called the nullity degree of TN , satisfies 0 < κ ≤ min(n,m − n). There exists subbundles S(TN) ⊂
TN , S(TN⊥) ⊂ TN⊥ and ltr(TN) ⊂ S(TN⊥)⊥ ⊂ S(TN)⊥ such that
TM = (rad(TN)⊕ ltr(TN)) ⊥⊕ S(TN) ⊥⊕ S(TN⊥).
The bundles S(TN), S(TN⊥) and ltr(TN) are respectively called screen bundle of TN , screen bundle
of TN⊥ and lightlike transversal vector bundle of N . By setting Vp1 = rad(TN), Vp∗1 = ltr(TN),
Vq1 = S(TN) and Vq2 = S(TN
⊥), then (M, g, (Vi)i∈Z12
) is a Witt pseudo-Riemannian manifold.
3 Witt connections on Witt pseudo-Riemannian manifolds
We define in this section a connection adapted to a Witt structure on a pseudo-riemannian manifold.
For a connection ∇, the torsion and the curvature of ∇ are respectively defined by
T (X, Y ) = ∇XY −∇YX − [X, Y ] and R(X, Y ) = [∇X ,∇Y ]−∇[X,Y ].
In the following, we define i∗ for i ∈ Zsr by :
if i = ql then i
∗ = ql,
if i = pk then i
∗ = p∗k,
if i = p∗k then i
∗ = pk.
For any point x ∈ M , we denote by πix : TxM → Vi,x the projection onto Vi,x. Then we have for
X ∈ TxM , X =
∑
i∈Zsr
Xi with Xi = π
i
x(X). Note that, for any X, Y ∈ TxM , g(X, Y ) =
∑
i∈Zsr
g(Xi, Yi∗).
AWitt connection∇ on aWitt pseudo-Riemannian manifold (M, g, (Vi)i∈Zsr) is a pseudo-Riemannian
connection such that ∇(Γ(Vi)) ⊂ Γ(Vi) for any i ∈ Zsr.
Let Tk : TM ⊗ TM → Vk the tensor defined by
Tk(Xi, Yj) =


0 if i = j
1
2
(
(LXiY ♭j + LYjX♭i )
♯
k
− [Xi, Yj]k − (d(g(Xi, Yj)))♯k
)
if i 6= j = k, i = j∗, (j ∈ Zs)
1
2
(
(LXiY ♭j )
♯
k
− [Xi, Yj]k
)
if i 6= j = k, i 6= j∗
0 if i 6= j, j 6= k
with Xi ∈ Γ(Vi), Yj ∈ Γ(Vj) and where ♭,♯ and LX respectively denote the musical isomorphisms
associated to g and the Lie derivative.
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Proposition 3.1 Let (M, g, (Vi)i∈Zsr) be a Witt pseudo-Riemannian manifold, then there exists a
unique Witt connection ∇ on TM (called the canonical Witt connection) with torsion T given by
T (Xi, Yj) = −[Xi, Yj]V ⊥
i∗j∗
+ Tj(Xi, Yj)− Ti(Yj, Xi), (1)
where V ⊥i1...ik := (Vi1 + . . .+ Vik)
⊥.
Remark 3.1 This proposition is the natural extension to the pseudo-Riemannian case of Theorem
3.1 of [9]and Lemma 2.13 of [16].
We need the following lemma.
Lemma 3.1 Let ∇ be a pseudo-Riemannian connection, then for any X, Y, Z ∈ Γ(TM), we have :
(∇XZ♭)(Y ) = 1
2
(
dZ♭(X, Y )− Z♭(T (X, Y )) + (LZg)(X, Y )− g(T (Z,X), Y )− g(T (Z, Y ), X)
)
, (2)
where Z♭ is the 1-form given by Z♭(X) = g(Z,X).
Proof. For a pseudo-Riemannian connection ∇ and any X, Y, Z ∈ Γ(TM), we have the formula
g(∇XY, Z) = 1
2
(
Xg(Y, Z)− Zg(X, Y ) + Y g(X,Z) + g(Z, [X, Y ])− g(X, [Y, Z]) + g(Y, [Z,X ])
)
+K(X, Y, Z), (3)
with K(X, Y, Z) = 1
2
(
g(T (X, Y ), Z) − g(T (Y, Z), X) + g(T (Z,X), Y )
)
(K is called the contorsion
tensor). It follows from (3) that
(∇XZ♭)(Y ) = Xg(Z, Y )− g(Z,∇XY )
=
1
2
(
Xg(Y, Z)− Y g(X,Z) + Zg(X, Y )− g(Z, [X, Y ]) + g(X, [Y, Z])
−g(Y, [Z,X ])− g(T (X, Y ), Z) + g(T (Y, Z), X)− g(T (Z,X), Y )
)
=
1
2
(
XZ♭(Y )− Y Z♭(X)− Z♭([X, Y ])− Z♭(T (X, Y ))
+Zg(X, Y )− g([Z,X ], Y )− g(X, [Z, Y ])− g(T (Z,X), Y )− g(T (Z, Y ), X)
)
.
Now, we have
XZ♭(Y )− Y Z♭(X)− Z♭([X, Y ]) = dZ♭(X, Y )
Zg(X, Y )− g([Z,X ], Y )− g(X, [Z, Y ]) = (LZg)(X, Y ).
The result follows. 
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Proof of proposition 2.1. For a pseudo-Riemannian connection ∇, the assumption ∇ Witt is equiv-
alent to (∇XZ♭)(Yl) = −g(Z,∇XYl) = 0 for any Z ∈ Γ(V ⊥l ), Yl ∈ Γ(Vl) and X ∈ Γ(TM). Hence by
(2), we have
dZ♭(X, Yl)− Z♭(T (X, Yl)) = −(LZg)(X, Yl) + g(T (Z,X), Yl) + g(T (Z, Yl), X). (4)
Let i, j, k ∈ Zsr with k satisfying k 6= i and k 6= j, then we have Vk∗ ⊂ V ⊥i and Vk∗ ⊂ V ⊥j . It follows
that (∇XiZ♭k∗)(Yj) = (∇YjZ♭k∗)(Xi) = 0 for any Zk∗ ∈ Γ(Vk∗), Xi ∈ Γ(Vi), Yj ∈ Γ(Vj). It follows from
these equations together with (4) that
for k 6= i and k 6= j,
Z♭k∗(T (Xi, Yj)k) = dZ
♭
k∗(Xi, Yj) (5)
g(T (Zk∗, Xi)j∗ , Yj) + g(T (Zk∗, Yj)i∗ , Xi) = (LZk∗g)(Xi, Yj), (6)
First, since the component T (Xi, Yi)i does not appear in (5) and (6), we take T (Xi, Yi)i = 0 for any
i ∈ Zsr. Now, (5) is equivalent to g(Zk∗, (T (Xi, Yj) + [Xi, Yj])k) = 0. By non degeneracy, we deduce
that
T (Xi, Yj)k = −[Xi, Yj]k with k 6= i, k 6= j. (7)
If j 6= i∗ then (7) yields to
g(T (Zk∗, Xi)j∗ , Yj) + g(T (Zk∗, Yj)i∗ , Xi) = −g([Zk∗, Xi]j∗ , Yj)− g(Xi, [Zk∗ , Yj]i∗) = (LZk∗g)(Xi, Yj).
Also (6) is always satisfied in this case and is equivalent to
g(T (Zk∗, Xi)i, Yi∗) + g(T (Zk∗, Yi∗)i∗ , Xi) = (LZk∗g)(Xi, Yi∗)
= (LZk∗X♭i )(Yi∗)− Y ♭i∗([Zk∗, Xi]i), k 6= i, k 6= i∗. (8)
For i ∈ Zs, we have Vi∗ ⊂ V ⊥i∗ . Hence, for any Xj ∈ Γ(Vj) with j ∈ Zsr, we have (∇XjZ♭i∗)(Yi∗) = 0.
The case j 6= i is included in equations (5) and (6). Now, if j = i, then we have (∇XiZ♭i∗)(Yi∗) = 0
and we obtain, by (4) for i ∈ Zs
g(T (Zi∗, Xi)i, Yi∗)− g(T (Yi∗, Xi)i, Zi∗)− g(T (Yi∗, Zi∗)i∗ , Xi) = g(T (Zi∗, Xi)i, Yi∗)− g(T (Yi∗, Xi)i, Zi∗)
= (LZi∗g)(Xi, Yi∗) + dZ♭i∗(Xi, Yi∗)
= −(LYi∗g)(Xi, Zi∗)− dY ♭i∗(Xi, Zi∗)
= (LZi∗X♭i )(Yi∗) + (LXiZ♭i∗)(Yi∗)
− Y ♭i∗([Zi∗ , Xi]i)− (d(g(Zi∗, Xi)))(Yi∗).(9)
Now, if we choose, for k 6= i, k 6= i∗,
T (Zk∗, Xi)i =
1
2
(
(LZk∗X♭i )
♯
i
− [Zk∗ , Xi]i
)
(10)
and, for i ∈ Zs,
T (Zi∗ , Xi)i =
1
2
(
(LZi∗X♭i + LXiZ♭i∗)
♯
i − [Zi∗ , Xi]i − (d(g(Zi∗, Xi)))♯i
)
, (11)
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then (8) and (9) are satisfied. Now formula (1) directly follows from (7),(10),(11) and the assumption
T (Xi, Yi)i = 0. By means of the previous formula for T and (3), we define a pseudo-Riemannian
connection ∇ with the required properties. 
Remark 3.2 Note that the previous proof only requires that Vql are non-degenerate for l ∈ {1, . . . , r}
and not necessarily anisotropic for g.
Example 3.1 Assume that the Witt structure has the following form (Vp2 ⊕ Vp∗2)
⊥⊕ (Vp1 ⊕ Vp∗1) (or
(Vp1⊕Vp∗1)
⊥⊕ Vq1
⊥⊕ Vq2) together with dimVp1 = 1. If we choose a local field frame (ν, ν∗) of Vp1⊕Vp∗1
such that g(ν, ν∗) = 1, then, formula (1) in Proposition 3.1 for the torsion of the canonical Witt
connection becomes
T (Xi, Yi) = −[Xi, Yi]k + dσ(Xi, Yi)ν + dσ∗(Xi, Yi)ν∗ (k 6= i)
T (Xi, Yj) = dσ(Xi, Yj)ν + dσ
∗(Xi, Yj)ν
∗ + Tj(Xi, Yj)− Ti(Yj, Xi) (i 6= j)
T (ν,Xi) = −[ν,Xi]k + dσ∗(ν,Xi)ν∗ − 1
2
(LXig)(ν, ν∗)ν + Ti(ν,Xi)
T (ν∗, Xi) = −[ν∗, Xi]k + dσ(ν∗, Xi)ν − 1
2
(LXig)(ν, ν∗)ν∗ + Ti(ν∗, Xi)
T (ν, ν∗) = −[ν, ν∗]V ⊥
p1p
∗
1
, (12)
with σ = ν∗♭, σ∗ = ν ♭ and i, j, k ∈ {p2, p∗2} (or i, j, k ∈ {q1, q2}). In the special case of groups oscλ
and oshλ in example 2.1, then the previous formula becomes
T (Xi, Yi) = 0, T (Xi, Yj) = dσ
∗(Xi, Yj)ν
∗,
T (ν, Z) = T (ν∗, Z) = 0.
4 Geodesics on Witt Lorentzian manifolds
In this section, we assume that (M, g) is a Lorentzian manifold endowed with a Witt structure of
type TM = (Vp1 ⊕ Vp∗1)
⊥⊕ Vq1 with Vp1, Vp∗1 trivial nul line subbundles and g/Vq1 positive definite
on the subbundle Vq1. We choose (as in section 3) global field frame (ν, ν
∗) of Vp1 ⊕ Vp∗1 such that
g(ν, ν∗) = 1. Denote by ∇ the canonical Witt connection associated to the Witt structure, then the
torsion T of ∇ is given by
T (X, Y ) = dσ(X, Y )ν + dσ∗(X, Y )ν∗, X, Y ∈ Vq1
T (ν,X) = dσ∗(ν,X)ν∗ − 1
2
(LXg)(ν, ν∗)ν + TVq1 (ν,X)
T (ν∗, X) = dσ(ν∗, X)ν − 1
2
(LXg)(ν, ν∗)ν∗ + TVq1 (ν∗, X)
T (ν, ν∗) = −[ν, ν∗]Vq1 , (13)
9
with σ = ν∗♭, σ∗ = ν ♭ and g(TVq1 (ν(∗), X), Y ) =
1
2
(Lν(∗)g)(X, Y ).
We define various notions of geodesics adapted to a such type of Witt structure on a Lorentzian
manifold.
Lightlike ∇-geodesics.
Definition 4.1 A curve c : [0, 1]→M will be called a ∇-geodesic if ∇c˙c˙ = 0.
A lightlike ∇-geodesic is a ∇-geodesic c : [0, 1]→ M such that c˙ ∈ Vp1 ⊕ Vp∗1 and g(c˙, c˙) = 0.
Proposition 4.1 A curve c : [0, 1]→M is a ∇-lightlike geodesic if and only if
(Lc˙σ)(c˙)− σ(c˙)(Lν∗σ∗)(c˙) = 0
(Lc˙σ∗)(c˙)− σ∗(c˙)(Lνσ)(c˙) = 0. (14)
Proof. Let c : [0, 1]→M with c˙ ∈ Vp1 ⊕ Vp∗1 , then c˙ = σ(c˙)ν + σ∗(c˙)ν∗. Hence, we have
∇c˙c˙ = ∇c˙(σ(c˙)ν + σ∗(c˙)ν∗) = (c˙σ(c˙))ν + σ(c˙)∇c˙ν + (c˙σ∗(c˙))ν∗ + σ∗(c˙)∇c˙ν∗
=
(
(Lc˙σ)(c˙)− σ(c˙)(∇c˙σ)(ν)
)
ν +
(
(Lc˙σ∗)(c˙)− σ∗(c˙)(∇c˙σ∗)(ν∗)
)
ν∗. (15)
Now, using formulas (2) and (13), we have for X ∈ TM
(∇Xσ)(ν) = 1
2
(
(Lν∗g)(ν,X)− dσ(ν,X)− g([ν, ν∗]Vq1 , X)
)
.
Since (Lν∗g)(ν,X) = (Lν∗σ∗)(X) + g([ν, ν∗], X), we deduce that
(∇Xσ)(ν) = 1
2
(
(Lν∗σ∗)(X)− (Lνσ)(X) + g([ν, ν∗]− [ν, ν∗]Vq1 , X)
)
=
1
2
(
(Lν∗σ∗)(X)− (Lνσ)(X) + g(σ([ν, ν∗])ν + σ∗([ν, ν∗])ν∗, X)
)
=
1
2
(
(Lν∗σ∗)(X)− (Lνσ)(X) + (Lν∗σ∗)(ν)σ(X)− (Lνσ)(ν∗)σ∗(X)
)
=
1
2
(
(Lν∗σ∗)(X + σ(X)ν)− (Lνσ)(X + σ∗(X)ν∗)
)
. (16)
Applied to c˙, (16) yields to
(∇c˙σ)(ν) = (Lν∗σ∗)(σ(c˙)ν)− (Lνσ)(σ∗(c˙)ν∗).
Assume that c˙ satisfies g(c˙, c˙) = 0, then we have σ(c˙)σ∗(c˙) = 0 and we obtain
σ(c˙)(∇c˙σ)(ν) = σ(c˙)(Lν∗σ∗)(σ(c˙)ν) = σ(c˙)(Lν∗σ∗)(c˙). (17)
In the same way, we have
σ∗(c˙)(∇c˙σ∗)(ν∗) = σ∗(c˙)(Lνσ)(c˙). (18)
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Using (17) and (18), equation (15) becomes
∇c˙c˙ =
(
(Lc˙σ)(c˙)− σ(c˙)(Lν∗σ∗)(c˙)
)
ν +
(
(Lc˙σ∗)(c˙)− σ∗(c˙)(Lνσ)(c˙)
)
ν∗.
The result directly follows. 
Normal sub-Riemannian geodesics.
For the Witt structure TM = (Vp1 ⊕ Vp∗1)
⊥⊕ Vq1, we have Vq1 = Ker σ ∩ Kerσ∗ and g split as
g = g/Vq1 + σ
∗ ⊙ σ. Since g/Vq1 is a riemannian metric on Vq1, then by setting H = Vq1, we obtain a
sub-Riemannian structure (M,H, gH := g/H). Recall that a smooth curve c : [0, 1] → M on a sub-
riemannian manifold (M,H, gH) will be called an horizontal curve if c˙(t) ∈ Hc(t), for any t ∈ [0, 1].
In the following, C denotes the set of curves with fixed endpoints (i.e. C = {c : [0, 1] → M, c(0) =
x, c(1) = y}) and CH the subset of horizontal curves with fixed endpoints. Now, we define the length
and the energy of a curve respectively by
LK(c) =
∫ 1
0
√
g(c˙, c˙) dt and EK(c) =
1
2
∫ 1
0
g(c˙, c˙) dt.
Definition 4.2 A normal sub-riemannian geodesic is a critical point of the functional LK on the
space CH .
Up to a reparameterization note that the critical points of LK and EK on CH coincide. Hence a
normal sub-riemannian geodesic is a critical point of the functional EK on the space CH .
Now, a normal sub-riemannian geodesic can also be viewed as a critical point of a functional Eλ on
C as follow (cf. [13]). For λ = (λ1, λ2) ∈ C∞(M,R2), we define αλ ∈ Ω1(M) by
αλ = λ1σ + λ2σ
∗,
and Eλ : C → R by
Eλ(c) =
1
2
∫ 1
0
g(c˙, c˙) dt−
∫ 1
0
αλ(c˙) dt = EK(c) +Aλ(c).
A curve c ∈ CH is a normal sub-riemannian geodesic if and only if there exists λ ∈ C∞(M,R2)
such that c is a critical of Eλ on C (λ is the Lagrange multiplier).
In order to obtain the variational caracterization of normal sub-riemannian geodesics we recall
the concept of variation of a curve. Let c : [0, 1] → M be a smooth curve on a manifold M , then a
variation of c with fixed endpoints is a smooth map F :]− ǫ, ǫ[×[0, 1]→ M such that F (0, t) = c(t)
for any t ∈ [0, 1], and, F (s, 0) = c(0) and F (s, 1) = c(1) for any s ∈]− ǫ, ǫ[.
Let F ∗TM →] − ǫ, ǫ[×[0, 1] be the pull-back bundle. In the following, we consider the vector fields
w, c˙ ∈ Γ(F ∗TM) given by w(s,t) := dF(s,t)( ∂∂s) and c˙(s,t) = dF(s,t)( ∂∂t). Note that [w(s,t), c˙(s,t)] = 0 and
that for a variation with fixed endpoints w(s,0) = w(s,1) = 0. In the following, a variation of a curve
c will be denoted by cs (with cs(t) = F (s, t)).
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Proposition 4.2 Let c ∈ CH . For any variation cs of c, we have
∂
∂s
Eλ(cs)|s=0 =
∫ 1
0
−g(∇c˙c˙, wH) + λc1dσ(c˙, wH) + λc2dσ∗(c˙, wH)
+ σ(w)
(
λ˙c1 − λc1(Lνσ)(c˙)− λc2(Lνσ∗)(c˙) +
1
2
(Lνg)(c˙, c˙)
)
+ σ∗(w)
(
λ˙c2 − λc1(Lν∗σ)(c˙)− λc2(Lν∗σ∗)(c˙) +
1
2
(Lν∗g)(c˙, c˙)
)
dt, (19)
with λci := λi ◦ c and w := w(0,t).
Proof. Let cs be a variation of c. Then we have
Eλ(cs) = EK(cs) +Aλ(cs).
Now,
∂
∂s
EK(cs) =
1
2
∫ 1
0
∂
∂s
g(c˙(s,t), c˙(s,t)) dt =
∫ 1
0
g(∇F ∗TM∂
∂s
c˙(s,t), c˙(s,t)) dt,
where ∇F ∗TM is the connection on the bundle F ∗TM induced by the Witt connection ∇ on TM .
Now we have the identity
∇F ∗TM∂
∂s
c˙(s,t) −∇F ∗TM∂
∂t
w(s,t) − [w(s,t), c˙(s,t)] = T (w(s,t), c˙(s,t)),
where T is the torsion of ∇. Since [w(s,t), c˙(s,t)] = 0, it follows from the previous identity that
∂
∂s
EK(cs) =
∫ 1
0
g(∇F ∗TM∂
∂t
w(s,t), c˙(s,t)) + g(T (w(s,t), c˙(s,t)), c˙(s,t)) dt.
Using
∂
∂t
g(w(s,t), c˙(s,t)) = g(∇F ∗TM∂
∂t
w(s,t), c˙(s,t)) + g(w(s,t),∇F ∗TM∂
∂t
c˙(s,t)) we obtain
∂
∂s
EK(cs) =
∫ 1
0
∂
∂t
g(w(s,t), c˙(s,t))− g(w(s,t),∇F ∗TM∂
∂t
c˙(s,t)) + g(T (w(s,t), c˙(s,t)), c˙(s,t)) dt
= g(w(s,1), c˙(s,1))− g(w(s,0), c˙(s,0)) +
∫ 1
0
−g(w(s,t),∇F ∗TM∂
∂t
c˙(s,t)) + g(T (w(s,t), c˙(s,t)), c˙(s,t)) dt
=
∫ 1
0
−g(w(s,t),∇F ∗TM∂
∂t
c˙(s,t)) + g(T (w(s,t), c˙(s,t)), c˙(s,t)) dt.
Also we have
∂
∂s
EK(cs)|s=0 =
∫ 1
0
−g(w,∇c˙c˙) + g(T (w, c˙), c˙) dt.
Using the decomposition w = wH + σ(w)ν + σ
∗(w)ν∗ and formula (14) for the term g(T (w, c˙), c˙)
with c˙ ∈ Hc, we obtain
∂
∂s
EK(cs)|s=0 =
∫ 1
0
−g(wH ,∇c˙c˙) + 1
2
σ(w)(Lνg)(c˙, c˙) + 1
2
σ∗(w)(Lν∗g)(c˙, c˙) dt. (20)
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Now, for the second term, we obtain
∂
∂s
Aλ(cs) = −
∫ 1
0
∂
∂s
(
αλ(c˙(s,t))
)
dt = −
∫ 1
0
w(s,t)(α
λ(c˙(s,t))) dt.
Since [w(s,t), c˙(s,t)] = 0, we obtain
∂
∂s
Aλ(cs) = −
∫ 1
0
(Lw(s,t)αλ)(c˙(s,t)) dt.
By the Cartan formula, we have
(Lw(s,t)αλ)(c˙(s,t)) = (dαλ)(w(s,t), c˙(s,t)) + (di(w(s,t))αλ)(c˙(s,t)).
Since dαλ = dλ1 ∧ σ + dλ2 ∧ σ∗ + λ1dσ + λ2dσ∗, we obtain
(dαλ)(w(s,t), c˙(s,t)) = dλ1(w(s,t))σ(c˙(s,t))− dλ1(c˙(s,t))σ(w(s,t)) + dλ2(w(s,t))σ(c˙(s,t))− dλ2(c˙(s,t))σ(w(s,t))
+ λcs1 dσ(w(s,t), c˙(s,t)) + λ
cs
2 dσ
∗(w(s,t), c˙(s,t)).
and
(di(w(s,t))α
λ)(c˙(s,t)) =
∂
∂t
(
i(w(s,t))α
λ
)
,
with λcsi = λi ◦ cs. We deduce that
∂
∂s
Aλ(cs) = −i(w(s,1))αλ + i(w(s,0))αλ
+
∫ 1
0
−dλ1(w(s,t))σ(c˙(s,t)) + dλ1(c˙(s,t))σ(w(s,t))− dλ2(w(s,t))σ(c˙(s,t)) + dλ2(c˙(s,t))σ(w(s,t))
− λcs1 dσ(w(s,t), c˙(s,t))− λcs2 dσ∗(w(s,t), c˙(s,t)) dt
=
∫ 1
0
−dλ1(w(s,t))σ(c˙(s,t)) + dλ1(c˙(s,t))σ(w(s,t))− dλ2(w(s,t))σ(c˙(s,t)) + dλ2(c˙(s,t))σ(w(s,t))
− λcs1 dσ(w(s,t), c˙(s,t))− λcs2 dσ∗(w(s,t), c˙(s,t)) dt.
Using the assumption c˙(t) = c˙(0,t) ∈ H , we have
∂
∂s
Aλ(cs)|s=0 =
∫ 1
0
dλ1(c˙)σ(w) + dλ2(c˙)σ
∗(w)− λc1dσ(w, c˙)− λc2dσ∗(w, c˙) dt
=
∫ 1
0
λ˙c1σ(w) + λ˙
c
2σ
∗(w)− λc1dσ(w, c˙)− λc2dσ∗(w, c˙) dt.
Since w = wH + σ(w)ν + σ
∗(w)ν∗, we deduce that
∂
∂s
Aλ(cs)|s=0 =
∫ 1
0
−λc1dσ(wH, c˙)− λc2dσ∗(wH , c˙) + σ(w)
(
λ˙c1 − λc1dσ(ν, c˙)− λc2dσ∗(ν, c˙)
)
+σ∗(w)
(
λ˙c2 − λc1dσ(ν∗, c˙)− λc2dσ∗(ν∗, c˙)
)
dt
=
∫ 1
0
−λc1dσ(wH, c˙)− λc2dσ∗(wH , c˙) + σ(w)
(
λ˙c1 − λc1(Lνσ)(c˙)− λc2(Lνσ∗)(c˙)
)
+ σ∗(w)
(
λ˙c2 − λc1(Lν∗σ)(c˙)− λc2(Lν∗σ∗)(c˙)
)
dt. (21)
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The result follows from (20) and (21). 
We deduce from (19) that
Corollary 4.1 A curve c ∈ CH is a normal sub-riemannian geodesic if and only if
∇c˙c˙ = λc1
(
i(c˙)dσ
)♯
H
+ λc2
(
i(c˙)dσ∗
)♯
H(
λ˙c1
λ˙c2
)
=
(
(Lνσ)(c˙) (Lνσ∗)(c˙)
(Lν∗σ)(c˙) (Lν∗σ∗)(c˙)
)(
λc1
λc2
)
+
1
2
(
(Lνg)(c˙, c˙)
(Lν∗g)(c˙, c˙)
)
. (22)
5 Curvature of Witt connections andWitt symmetric spaces
Curvature of Witt connections
Let (M, g, (Vi)i∈Zsr) be a Witt pseudo-Riemannian manifold endowed with its canonical Witt
connection ∇. Let R ∈ Ω2(M ;End(TM)) be the curvature of ∇. Then recall that R satisfies the
Bianchi identities
b(R)(X, Y, Z) = (d∇T )(X, Y, Z)
(d∇R)(X, Y, Z) = 0.
where d∇ is the exterior covariant derivative on vector valued 2-forms on M and b(R) is the Bianchi
map (i.e. b(R)(X, Y, Z) = R(X, Y )Z+R(Z,X)Y +R(Y, Z)X). The curvature tensor of the canonical
Witt connection is given by
R(X, Y, Z,W ) = g(R(X, Y )Z,W ).
Since ∇ is metric, R satisfies the identities R(Y,X, Z,W ) = −R(X, Y, Z,W ) and R(X, Y,W,Z) =
−R(X, Y, Z,W ) but R is not symmetric and not satisfies the first Bianchi identity (since ∇ has
torsion). It directly follows from the first Bianchi identity that
R(X, Y )Zi = ((d
∇T )(X, Y, Zi))i, X, Y ∈ Γ(V ⊥i∗ ), Xi, Zi ∈ Γ(Vi),
R(Xi, Y )Zi − R(Zi, Y )Xi = ((d∇T )(Xi, Y, Zi))i.
Witt symmetric spaces
Following [6] and [17], we now introduce a notion of symmetric space adapted to a Witt structure
on a pseudo-Riemannian manifold.
Let M be a manifold endowed with an affine connection ∇ and ψ : M →M be a diffeomorphism.
We defined the connection ψ∗∇ on M by setting
(ψ∗∇)XY := ψ∗(∇ψ∗(X)ψ∗(Y )) = dψ−1(∇dψ(X)dψ(Y )).
We recall that ψ is an affine diffeomorphism if (ψ∗∇)XY = ∇XY (equivalently (∇Xdψ)(Y ) =
∇dψ(X)dψ(Y )−dψ(∇XY ) = 0). Note that any affine diffeomorphism preserves torsion and curvature
of the connection ∇ (and their derivatives).
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Definition 5.1 Let (M, g, (Vi)i∈Zsr) be a Witt pseudo-Riemannian manifold. A map ψ : M → M is
said to be Witt at a point x ∈M if, dψ(x)◦πix = πiψ(x)◦dψ(x) for any i ∈ Zsr (i.e. dψ(x)(Vi,x) ⊂ Vi,ψ(x)
for any i ∈ Zsr). A map ψ :M →M is said to be Witt if it is Witt at each point x ∈M .
Definition 5.2 Let (M, g, (Vi)i∈Zsr) be a Witt pseudo-Riemannian manifold endowed with its canon-
ical Witt connection. A (local) Witt affine diffeomorphism on M is a (local) Witt affine diffeomor-
phism on M . A (local) Witt isometry on M is a (local) Witt isometric diffeomorphism on M .
Lemma 5.1 Let (M, g, (Vi)i∈Zsr ,∇) be a Witt pseudo-Riemannian manifold endowed with its canon-
ical Witt connection, then any local Witt isometry is a local Witt affine diffeomorphism.
Proof. Let ψ be a local Witt isometry. We have to proove that g((∇Xdψ)(Y ), dψ(Z)) = 0 for any
X, Y, Z ∈ Γ(TM). Since dψ(Vj) ⊂ Vj and ∇ preserves Vj , then we obtain
g((∇Xdψ)(Y ), dψ(Z)) =
∑
j∈Zsr
g((∇Xdψ)(Yj), dψ(Zj∗)),
with Yj ∈ Γ(Vj), Zj∗ ∈ Γ(Vj∗). Hence, it is sufficient to verify that g((∇Xdψ)(Yj), dψ(Zj∗)) = 0 for
j ∈ Zsr. For any symmetric 2-tensor h on M and any map ψ : M → M such that ∇h = ∇ψ∗h = 0,
we have the following formula
h((∇Xdψ)(Y ), dψ(Z)) = 1
2
(
h(T (dψ(X), dψ(Y )), dψ(Z))− h(T (dψ(X), dψ(Z)), dψ(Y ))
−h(T (dψ(Y ), dψ(Z)), dψ(X))
−ψ∗h(T (X, Y ), Z) + ψ∗h(T (X,Z), Y ) + ψ∗h(T (Y, Z), X)
)
.
If ψ is a Witt isometry, then the previous formula applied with h = g yields for Xi ∈ Γ(Vi)
g((∇Xidψ)(Yj), dψ(Zj∗)) =
1
2
(
g(T (dψ(Xi), dψ(Yj))j, dψ(Zj∗))− g(T (dψ(Xi), dψ(Zj∗))j∗, dψ(Yj))
−g(T (dψ(Yj), dψ(Zj∗))i∗ , dψ(Xi))
−g(T (Xi, Yj)j, Zj∗) + g(T (Xi, Zj∗)j∗ , Yj) + g(T (Yj, Zj∗)i∗ , Xi)
)
. (23)
If i = j (respectively i = j∗), then (23) together with the assumption T (Xj, Yj)j = 0, yields
g((∇Xjdψ)(Yj), dψ(Zj∗)) =
1
2
(
−g(T (dψ(Xj), dψ(Zj∗))j∗, dψ(Yj))
−g(T (dψ(Yj), dψ(Zj∗))j∗ , dψ(Xj))
+g(T (Xj, Zj∗)j∗, Yj) + g(T (Yj, Zj∗)j∗ , Xj)
)
, (24)
(respectively
g((∇Xj∗dψ)(Yj), dψ(Zj∗)) =
1
2
(
g(T (dψ(Xj∗), dψ(Yj))j, dψ(Zj∗))
+g(T (dψ(Zj∗), dψ(Yj))j, dψ(Xj∗))
−g(T (Xj∗, Yj)j, Zj∗)− g(T (Zj∗, Yj)j, Xj∗)
)
). (25)
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If j ∈ Zr, then j = j∗ and g((∇Xjdψ)(Yj), dψ(Zj)) = 0 since T (Xj, Yj)j = 0.
If j ∈ Zs, we have, using properties of T , that g(T (Xj, Zj∗)j∗, Yj) + g(T (Yj, Zj∗)j∗ , Xj) = 0. Also, we
obtain by (24),(25) that g((∇Xjdψ)(Yj), dψ(Zj∗)) = g((∇Xj∗dψ)(Yj), dψ(Zj∗)) = 0.
Now, if i 6= j and i 6= j∗ then, using properties of T , we obtain that
g(T (dψ(Xi), dψ(Yj))j , dψ(Zj∗))− g(T (dψ(Xi), dψ(Zj∗))j∗, dψ(Yj)) = 0
and
g(T (Xi, Yj)j , Zj∗)− g(T (Xi, Zj∗)j∗ , Yj) = 0.
Hence, we obtain by (23)
g((∇Xidψ)(Yj), dψ(Zj∗)) =
1
2
(
−(dψ(Xi))♭(T (dψ(Yj), dψ(Zj∗))i∗) +Xi♭(T (Yj, Zj∗)i∗)
)
= −1
2
(
d(dψ(Xi))
♭(dψ(Yj), dψ(Zj∗))− dXi♭(Yj, Zj∗)
)
= −1
2
(
(ψ∗d(dψ(Xi))
♭)(Yj, Zj∗)− dXi♭(Yj, Zj∗)
)
= −1
2
(
d(ψ∗(dψ(Xi))
♭)(Yj, Zj∗)− dXi♭(Yj, Zj∗)
)
.
Since ψ is a local isometry then ψ∗(dψ(Xi))
♭ = Xi
♭ and g((∇Xidψ)(Yj), dψ(Zj∗)) = 0. Hence ψ is a
local affine diffeomorphism. 
Remark 5.1 It follows that any Witt isometry maps ∇-geodesics to ∇-geodesics. Also if ψ1, ψ2 are
two Witt isometries on a connected Witt pseudo-Riemannian manifold such that ψ1(x) = ψ2(x) and
dψ1(x) = dψ2(x) then ψ1 = ψ2.
From now, we assume that Zsr contains even and odd integers, and, that for any k ∈ {1, . . . , s},
pk = p
∗
k mod 2. It follows that the involution δx : TxM → TxM given by δx =
∑
i∈Zsr
(−1)iπix ( 6= idx) is
a Witt linear isometry. Let exp∇ : TM →M be the exponential map associated to ∇ then, for any
x ∈ M , there exists Ux ⊂ M and W0x ⊂ TxM neighbourhoods of x ∈ M and 0x ∈ TxM such that
exp∇x : W0x → Ux be a diffeomorphism. Hence, we can define a Witt diffeomorphism ψx : Ux → Ux
called local Witt symmetry at x by
ψx = exp
∇
x ◦ δx ◦ (exp∇x )−1.
Note that ψ2x = idM , ψx(x) = x and ψx∗(x) = dψx(x) = δx.
Definition 5.3 A (locally) Witt symmetric space is a Witt pseudo-Riemannian manifold (M, g, (Vi)i∈Zsr ,∇)
such that, for any point x ∈M , ψx is a (local) Witt isometry.
Remark 5.2 It follows from properties of ψx and remark 4.1. that ψx is unique.
16
In the following, V± →M are the vector bundles over M with fibre
V±,x = ker(δx ∓ idx) =
⊕
i even/odd
Vi,x.
Proposition 5.1 Let (M, g, (Vi)i∈Zsr ,∇) be a locally Witt symmetric space, then we have
[V+, V+] ⊂ V+, T/V−×V− ⊂ V+, T/V+×V− ⊂ V−, R/V+×V− = 0,
and
∇V−R = ∇V−T = 0.
Proof. Let x0 ∈M and ψ be the local Witt symmetry at x0. Since ψ is a Witt affine diffeomorphism,
we deduce that for Xi ∈ Vi,x0, Yj ∈ Vj,x0, Zk ∈ Vk,x0
T (dψ(Xi), dψ(Yj)) = dψ(T (Xi, Yj))
and
R(dψ(Xi), dψ(Yj))dψ(Zk) = dψ(R(Xi, Yj)Zk).
If i+ j is even (respectively odd) we obtain
∑
l∈Zsr
(T (Xi, Yj))l =
∑
l∈Zsr
(−1)l(T (Xi, Yj))l, (26)
(respectively
−
∑
l∈Zsr
(T (Xi, Yj))l =
∑
l∈Zsr
(−1)l(T (Xi, Yj))l,
−R(Xi, Yj)Zk = R(Xi, Yj)Zk). (27)
It directly follows from (26) that if i + j is even then (T (Xi, Yj))2l+1 = 0. In addition, if i, j are
both even, then (T (Xi, Yj))2l+1 = −[Xi, Yj]2l+1 = 0 and consequently [V+, V+] ⊂ V+. If i + j is
odd then (27) yields to (T (Xi, Yj))2l = 0 and R(Xi, Yj) = 0. Now, the assumption ψ Witt affine
diffeomorphism also implies that for Xk ∈ Vk,x0, Yi ∈ Vi,x0, Zj ∈ Vj,x0 and Wl ∈ Vl,x0 then we have
(∇dψ(Xk)T )(dψ(Yi), dψ(Zj)) = dψ((∇XkT )(Yi, Zj)),
and
(∇dψ(Xk)R)(dψ(Yi), dψ(Zj))dψ(Wl) = dψ((∇XkR)(Yi, Zj)Wl).
If i+ j is even (respectively i+ j is odd) and k is odd then we obtain
−
∑
l∈Zsr
((∇XkT )(Yi, Zj))l =
∑
l∈Zsr
(−1)l((∇XkT )(Yi, Zj))l,
−(∇XkR)(Yi, Zj)Wl = (∇XkR)(Yi, Zj)Wl, (28)
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(respectively ∑
l∈Zsr
((∇XkT )(Yi, Zj))l =
∑
l∈Zsr
(−1)l((∇XkT )(Yi, Zj))l) . (29)
It follows from (28) and (29) that if i+j is even (respectively odd) and k is odd then (∇XkR)(Yi, Zj) =
0 and ((∇XkT )(Yi, Zj))2l = 0 (respectively ((∇XkT )(Yi, Zj))2l+1 = 0). We deduce that if i+ j is even
and k is odd then (∇XkT )(Yi, Zj) = 0 and (∇XkR)(Yi, Zj) = 0. If i + j is odd then R(Yi, Zj) = 0
and, together with k odd, then (∇XkT )(Yi, Zj) = 0. 
Remark 5.3 A bracket generating condition on the distribution V− seems to be necessary to obtain
a converse of the proposition.
6 Robinson manifolds and Fefferman spaces
Let (M2m+2, g,N ) be an even dimensional Lorentzian manifold endowed with an almost Robinson
structure (since dim M even then N⊥ = N ). We call Robinson structure an almost Robinson struc-
ture such that N is integrable (i.e. [Γ(N ),Γ(N )] ⊂ Γ(N )). In the following, we call almost Robinson
manifold (respectively Robinson manifold) an even dimensional Lorentzian manifold endowed with
an almost Robinson structure (respectively Robinson structure).
Denote by R the nul line subbundle of TM such that RC = N ∩ N . From now, we assume that
(M2m+2, g,N ) is an almost Robinson manifold together with R trivial. Fix a nul line subbundle R∗
of TM (dual to R) such that TM = R∗⊕R⊥ and consider ν and ν∗ nowwhere vanishing sections of
R and R∗ such that g(ν, ν∗) = 1. We have R⊥ = Ker σ∗ and R∗⊥ = Ker σ with σ = ν∗♭ and σ∗ = ν ♭.
Let S the subbundle of TM (called screen bundle) given by S = (R⊕R∗)⊥(= Ker σ ∩Ker σ∗). Note
that R⊥ = R ⊕ S and (as in section 4) that g/S is a riemannian metric on S. Now, there exists a
complex subbundle of TCM denoted by T 1,0M such that
N = RC ⊕ T 1,0M and SC = T 1,0M ⊕ T 0,1M,
with T 0,1M = T 1,0M . Hence, we have the complex and real Witt structures
TCM = (RC ⊕ (R∗)C) ⊥⊕ (T 1,0M ⊕ T 0,1M)
TM = (R⊕R∗) ⊥⊕ S.
We can define an almost Hermitian structure (gS , J) on S such that T 1,0M (respectively T 0,1M)
is the
√−1 (respectively −√−1)-eigenbundle of J on SC. Moreover, extending J by 0 on R⊕R∗,
we obtain a real 2-form ω on M by setting ω(X, Y ) = g(JX, Y ).
It directly follows from formula (12) that
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Lemma 6.1 The torsion of the canonical Witt connection ∇C on TCM associated to the complex
Witt structure TCM = (RC ⊕ (R∗)C) ⊥⊕ (T 1,0M ⊕ T 0,1M) is given by
TC(X1,0, Y 1,0) = −[X1,0, Y 1,0]0,1 + dσC(X1,0, Y 1,0)ν + dσ∗C(X1,0, Y 1,0)ν∗
TC(X1,0, Y 0,1) = dσC(X
1,0, Y 0,1)ν + dσ∗C(X
1,0, Y 0,1)ν∗ + T 0,1(X1,0, Y 0,1)− T 1,0(Y 0,1, X1,0)
TC(ν,X1,0) = −[ν,X1,0]0,1 + dσ∗C(ν,X1,0)ν∗ −
1
2
(LX1,0gC)(ν, ν∗)ν + T 1,0(ν,X1,0)
TC(ν∗, X1,0) = −[ν∗, X1,0]0,1 + dσC(ν∗, X1,0)ν −
1
2
(LX1,0gC)(ν, ν∗)ν∗ + T 1,0(ν∗, X1,0)
TC(ν, ν∗) = −[ν, ν∗]SC, (30)
with
gC(T 0,1(X1,0, Y 0,1), Z1,0) = 1
2
(
(LX1,0gC)(Y 0,1, Z1,0) + d(X1,0)♭(Y 0,1, Z1,0)
)
=
√−1
2
(dωC)(X1,0, Y 0,1, Z1,0) =
1
2
(J∗dωC)(X1,0, Y 0,1, Z1,0)
gC(T 1,0(Y 0,1, X1,0), Z0,1) = 1
2
(
(LY 0,1gC)(X1,0, Z0,1) + d(Y 0,1)♭(X1,0, Z0,1)
)
=
√−1
2
(dωC)(X1,0, Y 0,1, Z0,1) = −1
2
(J∗dωC)(X1,0, Y 0,1, Z0,1)
gC(T 1,0(ν(∗), X1,0), Y 0,1) = 1
2
(Lν(∗)gC)(X1,0, Y 0,1) = −
√−1
2
(Lν(∗)ωC)(X1,0, Y 0,1),
−gC([ν(∗), X1,0]0,1, Y 1,0) = −1
2
gC((JLν(∗)J)(X1,0), Y 1,0)
=
1
2
(Lν(∗)gC)(X1,0, Y 1,0) +
√−1
2
(Lν(∗)ωC)(X1,0, Y 1,0),
where σ
C
, σ∗
C
and ωC are the complex extensions of σ, σ∗ and ω and X1,0, Y 1,0 ∈ T 1,0M , Y 0,1 ∈ T 0,1M .
Proposition 6.1 Let (M2m+2, g,N ) be an almost Robinson manifold. There exists a connection ∇
on TM (called the Lichnerowicz connection) such that
1. ∇ is a Witt connection for the Witt structure TM = (R⊕R∗) ⊥⊕ S.
2. ∇J = 0 (hence ∇ω = 0).
3. The torsion of ∇ is given by
T (X, Y ) = −1
4
NJ(X, Y )− 1
4
(
dcω +M(dcω)
)♯
(X, Y ) + dσ(X, Y )ν + dσ∗(X, Y )ν∗, X, Y ∈ S
T (ν,X) = dσ∗(ν,X)ν∗ − 1
2
(LXg)(ν, ν∗)ν + TS(ν,X) + 1
4
(
Lνω −M(Lνω))
)♯
(JX)
T (ν∗, X) = dσ(ν∗, X)ν − 1
2
(LXg)(ν, ν∗)ν∗ + TS(ν∗, X) + 1
4
(
Lν∗ω −M(Lν∗ω)
)♯
(JX)
T (ν, ν∗) = −[ν, ν∗]S , (31)
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with
NJ(X, Y ) = [X, Y ]− [JX, JY ] + J [JX, Y ] + J [X, JY ], (dcω)(X, Y, Z) = −(dω)(JX, JY, JZ),
and, for α ∈ Ωp(M),
g(α♯(X1, X2, . . . , Xp−1), Xp) = α(X1, X2, . . . , Xp−1, Xp)
M(α)(X1, X2, X3, . . . , Xp) = α(JX1, JX2, X3, . . . , Xp).
Proof. Let ∇C be the canonical Witt connection on TCM associated to the complex Witt structure
TCM = (RC ⊕ (R∗)C) ⊥⊕ (T 1,0M ⊕ T 0,1M). Denote by ∇ the restriction of ∇C to TM . Since ∇C
preserve gC and the complex Witt structure, then ∇ preserves g, J and the real Witt structure.
Now denote by T the torsion of ∇. Decomposing any X ∈ S as X = X1,0 + X0,1 with X1,0 =
1
2
(X − iJX) ∈ T 1,0M and X0,1 = X1,0 ∈ T 0,1M , then we have, for any X, Y ∈ S
T (X, Y ) = TC(X1,0, Y 1,0) + TC(X1,0, Y 0,1) + TC(X0,1, Y 1,0) + TC(X0,1, Y 0,1)
T (ν,X) = TC(ν,X1,0) + TC(ν,X0,1), T (ν∗, X) = TC(ν∗, X1,0) + TC(ν∗, X0,1).
Using formula (30), we obtain
T (X, Y ) = −[X1,0, Y 1,0]0,1 − [X0,1, Y 0,1]1,0 + 1
2
(
((J∗dωC)(X1,0, Y 0,1))
♯
+ ((J∗dωC)(X0,1, Y 1,0))
♯
)
+ dσ(X, Y )ν + dσ∗(X, Y )ν∗.
Now, we have
−[X1,0, Y 1,0]0,1 − [X0,1, Y 0,1]1,0 = −1
4
([X, Y ]− [JX, JY ] + J [JX, Y ] + J [X, JY ]) = −1
4
NJ(X, Y ),
and, for Z ∈ S,
1
2
(
(J∗dωC)(X1,0, Y 0,1, Z) + (J∗dωC)(X0,1, Y 1,0, Z)
)
= ℜe((J∗dωC)(X1,0, Y 0,1, Z))
=
1
4
(
(dω)(JX, JY, JZ) + (dω)(X, Y, JZ)
)
= −1
4
(
(dcω)(X, Y, Z) +M(dcω)(X, Y, Z)).
We deduce the formula for T (X, Y ). Now, by (30), we have also
T (ν,X) = −[ν,X1,0]0,1− [ν,X0,1]1,0 + T 1,0(ν,X1,0) + T 0,1(ν,X0,1) + dσ∗(ν,X)ν∗− 1
2
(LXg)(ν, ν∗)ν.
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We obtain
g(−[ν,X1,0]0,1 − [ν,X0,1]1,0 + T 1,0(ν,X1,0) + T 0,1(ν,X0,1), Y )
=
1
2
(
(Lνg)(X, Y ) +
√−1(LνωC)(X1,0, Y 1,0)−
√−1(LνωC)(X0,1, Y 0,1)
)
=
1
2
(Lνg)(X, Y )−ℑm
(
(LνωC)(X1,0, Y 1,0)
)
=
1
2
(Lνg)(X, Y ) + 1
4
(Lνω)(JX, Y ) + 1
4
(Lνω)(X, JY )
=
1
2
(Lνg)(X, Y ) + 1
4
(
Lνω −M(Lνω)
)
(JX, Y ).
We deduce the formula for T (ν,X). The proof is the same for T (ν∗, X). To conclude, we have
T (ν, ν∗) = TC(ν, ν∗) = −[ν, ν∗]S . 
Remark 6.1 1. Note that, in general, the Lichnerowicz connection does not coincide with the canon-
ical Witt connection associated to the real Witt structure TM = (R⊕R∗) ⊥⊕ S.
2. For an almost Hermitian CR manifold (M, g, J) (cf. example 2.2), we have a complex Witt struc-
ture given by TCM = (T 1,0M ⊕ T 0,1M) ⊥⊕ ǫ(spanC{ξ}) (with ξ nowwhere vanishing vector field on
M when ǫ = 1). In this case, we can show that the connection on TM induced by the canonical Witt
connection on TCM is, for ǫ = 0, the Lichnerowicz connection (so called first canonical connection
in [12]) and, for ǫ = 1, the generalized Tanaka-Webter connection defined in [21].
Definition 6.1 Let (M2m+2, g,N ) be an almost Robinson manifold. An almost Robinson structure
will be called almost Kahler-Robinson structure if dω = 0.
An almost Robinson structure will be called shear-free almost Robinson structure if (cf. [1])
LνgC = ρgC + σ∗C ⊙ α,
with ρ ∈ C∞(M) and α ∈ Ω1
C
(M).
A shear-free almost Robinson structure such that the flow of ν acts freely on M together with M˜ =
M/F manifold and π : M → M˜ principal G-bundle (G = R or S1) is called a regular shear-free
almost Robinson structure.
An interesting subclass of regular shear-free Kahler-Robinson manifolds is given by the Fefferman
spaces which are some S1-principal bundles over strictly pseudoconvex CR manifolds. We briefly
recall the construction of these spaces given in [3],[18]. Let M˜ be a (2m + 1)-dimensional strictly
pseudoconvex CR manifold. In the following, (θ˜, H˜, ξ˜, J˜ , Lθ˜, g˜
W) respectively denote the pseudo-
Hermitian structure on M˜ , the contact hyperplan on M˜ (i.e. H˜ = Ker θ˜), the Reeb field on M˜ (i.e.
the unique vector field ξ˜ on M˜ such that θ˜(ξ˜) = 1 and dθ˜(ξ˜, .) = 0), the CR-structure on H˜ (i.e. the
complex stucture J˜ on H˜), the Levi form (i.e. the real symmetric tensor given Lθ˜(., .) = dθ˜(., J˜ .))
and the Webster metric (i.e. the riemannian metric g˜W = Lθ˜ + θ˜ ⊙ θ˜). We assume M˜ endowed with
its Tanaka-Webster connection ∇˜ and we denote by R˜W the curvature tensor of ∇˜. The pseudo-
Hermitian Ricci form ρ˜W and the pseudo-Hermitian scalar curvature s˜W are respectively defined
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by
ρ˜W(X˜, Y˜ ) =
m∑
i=1
R˜W(X˜, Y˜ , e˜i, J˜ e˜i) and s˜
W = −
m∑
i=1
ρ˜W(e˜i, J˜ e˜i),
with (e˜1, J˜ e˜1, . . . , e˜m, J˜ e˜m) local orthonormal basis of H˜.
Let K˜ := ∧m+1,0(M˜) = {α ∈ Γ(∧m+1TM˜C), i(X˜0,1)α = 0} be the canonical bundle of M˜ , K˜∗ =
K˜ \ {0} and M = K˜∗/R+, then M is a principal S1-bundle over M˜ with canonical projection
denoted by π. Let A∇˜ ∈ Ω1(M ; iR) be the connection form on M associated to the Tanaka-Webster
connection ∇˜ on M˜ and let σ∗, σ ∈ Ω1(M ;R) the 1-forms on M respectively given by
σ∗ = π∗θ˜ and σ =
√−1A∇˜ + 1
2(m+ 1)
(s˜W ◦ π)σ∗.
Note that
dσ∗ = π∗dθ˜ and dσ = π∗ρ˜W +
1
2(m+ 1)
(
π∗ds˜W ∧ σ∗ + (s˜W ◦ π)dσ∗
)
. (32)
Let ν (respectively ν∗) be the fondamental vector field on M satisfying σ(ν) = 1 (respectively the
vector field on M such that π∗(ν
∗) = ξ˜). If VM = Ker dπ = span(ν) and HM = Ker σ = π−1∗ (TM˜),
then we have
TM = VM ⊕HM = span(ν)⊕ span(ν∗)⊕ π−1∗ (H˜).
The Fefferman metric gF on M is given by
gF = π∗Lθ˜ + σ
∗ ⊙ σ.
We call (M2m+2, gF ) a Fefferman space. Let S = π−1∗ (H˜) and J = π−1∗ ◦ J˜ ◦ π∗, then (gFS , J) is a
Hermitian structure on S. Now, N = VCM ⊕ T 1,0M is a Robinson structure such that Lνσ = Lνσ∗ =
LνgF = 0 and ωF = dσ∗, also (M2m+2, gF ,N ) is an example of regular shear-free Kahler-Robinson
manifold.
Proposition 6.2 Let (M2m+2, gF ,N ) be a Fefferman space endowed with its Lichnerowicz connec-
tion ∇, then
1. A curve c on M is a ∇-lightlike geodesic if and only if (Lc˙σ)(c˙) = (Lc˙σ∗)(c˙) = 0.
2. A curve c ∈ CS is a normal sub-riemannian geodesic if and only if
∇c˙c˙ = k1
(
i(c˙)π∗ρ˜W
)♯
S
+
(
k1
( s˜W ◦ π
2(m+ 1)
+
∫ t
0
(π∗ρ˜W)(ν∗, c˙) ds− 1
2(m+ 1)
∫ t
0
(π∗ds˜W)(c˙) ds
)
+
1
2
∫ t
0
(π∗Lξ˜gW)(c˙, c˙) ds+ k2
)
Jc˙. (33)
In particular, if (M, gF ) is a Fefferman space over a pseudo-Einstein Sasaki manifold, then the
last equation becomes
∇c˙c˙ =
(
−k1 m+ 2
2m(m+ 1)
(s˜W ◦ π) + k2
)
Jc˙.
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Proof. If (M, gF ,N ) is a Fefferman space, then we have the relations
NJ = 0, ω
F = dσ∗, Lνσ = Lνσ∗ = LνgF = LνωF = 0, Lν∗σ∗ = Lν∗ωF = 0. (34)
Substituting these relations in (31), we deduce that the Lichnerowicz connection coincides with the
canonical Witt connection associated to the Witt structure TM = (R ⊕ R∗) ⊥⊕ S. Hence, the
equations for ∇-lightlike geodesics follow from (14) together with Lνσ = Lν∗σ∗ = 0. Now, let c ∈ CS
be a normal sub-riemannian geodesic, formula (22) together with relations (34) gives
∇c˙c˙ = λc1
(
i(c˙)dσ
)♯
H
+ λc2
(
i(c˙)dσ∗
)♯
H(
λ˙c1
λ˙c2
)
=
(
0
λc1(Lν∗σ)(c˙) + 12(Lν∗gF )(c˙, c˙)
)
. (35)
Using (32), we have, for XS , YS ∈ S
dσ(XS , YS) = (π
∗ρ˜W)(XS , YS) +
1
2(m+ 1)
(s˜W ◦ π)ωF (XS , YS),
(Lν∗σ)(XS) = dσ(ν∗, XS) = (π∗ρ˜W)(ν∗, XS)− 1
2(m+ 1)
(π∗ds˜W)(XS),
(Lν∗gF )(XS , YS) = (π∗Lξ˜gW)(XS , YS).
Hence (35) becomes
∇c˙c˙ = λc1
(
i(c˙)π∗ρ˜W
)♯
S
+
(λc1(s˜W ◦ π)
2(m+ 1)
+ λc2
)
Jc˙
(
λ˙c1
λ˙c2
)
=

 0
λc1(π
∗ρ˜W)(ν∗, c˙)− λ
c
1
2(m+ 1)
(π∗ds˜W)(c˙) +
1
2
(π∗Lξ˜gW)(c˙, c˙)

 .
Hence λc1 is constant equal to k1 and by integrating we obtain :
λc2 = k1
∫ t
0
(π∗ρ˜W)(ν∗, c˙)− 1
2(m+ 1)
(π∗ds˜W)(c˙) ds+
1
2
∫ t
0
(π∗Lξ˜gW)(c˙, c˙) ds+ k2 (k2 ∈ R).
Formula (33) directly follows. Now if M˜ is a pseudo-Einstein Sasaki manifold then we have (Lξ˜gW) =
0 and ρ˜W = − s˜
W
m
dθ˜ with s˜W constant. Hence (π∗ρ˜W) = − s˜
W ◦ π
m
ωF and we obtain the result in this
case. 
Let (M, g,N ) be an almost Robinson manifold endowed with its complex Witt structure TCM =
(RC ⊕ (R∗)C) ⊥⊕ (T 1,0M ⊕ T 0,1M). By setting V+ = RC ⊕ (R∗)C and V− = T 1,0M ⊕ T 0,1M = SC,
we define the isometric involution δx : T
C
x M → TCx M by δx = π+x − π−x where π±x are the projections
onto V±,x.
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Definition 6.2 Let (M2m+2, g,N ) be an almost Robinson manifold endowed with its complex Witt
structure TCM = (RC ⊕ (R∗)C) ⊥⊕ (T 1,0M ⊕ T 0,1M) and its canonical Witt connection ∇C, then
(M, g,N ) is called an (locally) almost Robinson Witt symmetric space if, for any point x ∈ M ,
ψCx = exp
∇C
x ◦ δx ◦ (exp∇Cx )
−1
is a (local) Witt isometry.
Proposition 6.3 Let (M2m+2, g,N ) be a locally almost Robinson Witt symmetric space endowed
with its Lichnerowicz connection ∇, then we have
1. There is a codimension 2m foliation F of M such that T (F) = R⊕R∗,
2. The almost Hermitian structure (gS , J) is integrable and (dω
C)
(2,1)+(1,2)
SC = 0,
3. (Lνσ)S = −(Lν∗σ∗)S, (Lνσ∗)S = (Lν∗σ)S = 0,
(∇Sdσ)S = −(Lνσ)S ⊗ (dσ)S , (∇Sdσ∗)S = −(Lν∗σ∗)S ⊗ (dσ∗)S,
(∇SLνg)S = (∇SLν∗g)S = (∇SLνω)S = (∇SLν∗ω)S = 0,
4. ∇SR = 0, (iνR)S = (iν∗R)S = 0.
Proof. If M is a locally almost Robinson Witt symmetric space, then, by proposition 5.1, we have
[V+, V+] ⊂ V+. Hence V+ is an integrable 2-dimensional distribution and we have a foliation F of M
with T (F) = R⊕R∗. Now, we have also that TC must satisfies TC/V−×V− ⊂ V+ and TC/V+×V− ⊂ V−.
These conditions applied to (30) yields to
[X1,0, Y 1,0]0,1 = [X0,1, Y 0,1]1,0 = 0, ((J∗dωC)(X1,0, Y 0,1))
♯
= 0, (36)
dσ∗
C
(ν,X1,0) = dσ∗
C
(ν,X0,1) = 0, dσ
C
(ν∗, X1,0) = dσ
C
(ν∗, X0,1) = 0,
(LX1,0gC)(ν, ν∗) = (LX0,1gC)(ν, ν∗) = 0. (37)
It directly follows from (36) that J is integrable (i.e. NJ = 0) and (dω
C)
(2,1)+(1,2)
SC = 0 (since
((J∗dωC)(X1,0, Y 0,1))
♯
= 0). Now, for X = X1,0 +X0,1 ∈ S, we have by (37)
dσ∗(ν,X) = (Lνσ∗)(X) = 0, dσ(ν∗, X) = (Lν∗σ)(X) = 0, (LXg)(ν, ν∗) = (Lνσ)(X)+(Lν∗σ∗)(X) = 0.
By proposition 5.1, we have also ∇CSCTC = 0. We first deduce that(∇CSCLνgC)SC = (∇CSCLν∗gC)SC = (∇CSCLνωC)SC = (∇CSCLν∗ωC)SC = 0.
Now, (∇CSC(dσC ⊗ ν))SC = (∇CSCdσC)SC ⊗ ν + (dσC)SC ⊗∇CSCν
=
((∇CSCdσC)SC − (∇CSCσC)(ν)(dσC)SC
)
⊗ ν
=
((∇CSCdσC)SC − 12
(Lν∗σ∗C −LνσC)SC ⊗ (dσC)SC
)
⊗ ν
=
((∇CSCdσC)SC + (LνσC)SC ⊗ (dσC)SC
)
⊗ ν,
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and (∇CSC(dσ∗C ⊗ ν∗))SC =
((∇CSCdσ∗C)SC + (Lν∗σ∗C)SC ⊗ (dσ∗C)SC
)
⊗ ν∗.
The assumption ∇CSCTC = 0 implies that(∇CSCdσC)SC = −(LνσC)SC ⊗ (dσC)SC and (∇CSCdσ∗C)SC = −(Lν∗σ∗C)SC ⊗ (dσ∗C)SC.
Parallelism for the real tensors directly follows.
To conclude, since ∇CSCRC = 0 and RC/V+×V− = 0, then ∇SR = 0 and (iνR)S = (iν∗R)S = 0. 
For a Fefferman Witt symmetric space, the previous proposition becomes
Corollary 6.1 Let (M2m+2, gF ) be a locally Fefferman Witt symmetric space endowed with its Lich-
nerowicz connection ∇, then we have
1. There is a codimension 2m foliation F of M such that T (F) = R⊕R∗,
2. Lνσ = Lν∗σ = Lνσ∗ = Lν∗σ∗ = 0, ∇σ = ∇σ∗ = ∇dσ∗ = 0, (∇Sdσ)S = (∇SLν∗gF )S = 0,
3. ∇SR = 0, (iνR)S = (iν∗R)S = 0.
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